The Pioneer 10 and 11 spacecraft have been precisely tracked for over thirty years as they have crossed and then departed the solar system. When they passed a distance of 20 AU from the sun, both probes exhibited a systematic error in their trajectories that can be interpreted as a constant acceleration of 8.74×10
INTRODUCTION
Beginning in 1980 when Pioneer 10 was 20 AU from the Sun and the pressure due to solar radiation had decreased to less than 5×10 −8 cm sec −2 , analysis of unmodeled accelerations found that the biggest systematic error in the acceleration residuals was a constant acceleration, directed towards the Sun, of approximate magnitude 8×10 −8 cm sec −2 , well within the five day average acceleration accuracy of 10 −10 cm sec −2 (Anderson, et al. 1998 ). When Pioneer 11 passed this 20 AU threshold, a similar effect was seen. Prompted by this unusual result, Galileo and Ulysses data were investigated for a similar effect. Although the limited data available from Galileo could not be used, Ulysses showed a similar unmodeled acceleration residual, even at its much smaller heliocentric distance. The effect on the Pioneers has persisted until at least a heliocentric distance of 75 AU. Anderson, et al. (1998) continued to explore a number of potential systematic causes for this anomalous acceleration. Anderson, et al. (2002a) discusses a large number of potential causes of the anomalous acceleration, ranging from measurement methodology errors and gas leaks to modeling deficiencies (e.g., for treatment of maneuvers or the solar corona) and electromagnetic forces, specifically including anisotropic heat emission and radio beam reaction forces. The paper reviews a number of attempts to explain the anomalous acceleration in terms of known physics, including interplanetary dust causing a red shift in radio signals or directly resisting the motion of the spacecraft though conventional drag forces and some unknown interaction of the Pioneer's radio signals with the solar wind. Anderson, et al. (2002a) continues by reviewing a large number of potential explanations for the anomalous acceleration in terms of new physics. These include: whether the effect is due to dark matter or a modification of gravity; whether it is a measure of spacetime curvature and cosmological expansion (e.g., solar system coordinates are not inertial coordinates); and whether it is due to a number of more radical variants on the relativistic gravity theme.
In the end, Anderson, et al. (2002a) finds "no mechanism or theory that explains the anomalous acceleration." Thus, in the minds of those authors, the possibility of new physics should not be ruled out. Interest in this phenomenon continues. For example, Anderson, et al. (2002b) reports a potential consequence of a Pioneer effect in the structure of the Oort cloud, and Nottale (2003) explains the anomalous acceleration as a manifestation of the cosmological constant. Additionally, there was a recent meeting held at the University of Bremen on the Pioneer anomaly.
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The bottom line is that the Pioneer Effect seems well-founded and has not been convincingly explained in terms of known physics and engineering parameters of the spacecraft involved. Although spacecraft systematics remain the most likely explanation for the Pioneer Effect, its potential existence is of great interest for a variety of fundamental physical reasons.
Thus, the purpose of this paper is to investigate the feasibility of using observations of planets, comets, and asteroids to evaluate the gravitational field in the outer solar system and thereby explore the Pioneer Effect using precision astrometry. Such an observation program could have profound effects on our understanding of the mass distribution in the outer solar system, and could also assist in breaking the degeneracy between alternative gravitational theories such as MOND and classical gravity.
The remainder of this paper is organized into four sections. Section 2 describes the methodology used to evaluate the Pioneer Effect and the models used in the calculations. Section 3 addresses our results for planets, comets, and asteroids in terms of observational quantities that might be used to illuminate the mass distribution in the outer solar system. Section 4 discusses the results and Section 5 draws conclusions.
METHODOLOGY AND MODELS
The approach taken in this paper is to model the orbits of bodies in the outer solar system by means of Newtonian gravity and two-body, planar motion. We will consider the sun's field to be spherically symmetric and will ignore the gravitational perturbations due to planets and the larger asteroids on the motion of the bodies of interest. While the importance of these effects is recognized, especially during the conduct of precision astrometry, they do not need to be considered in detail at this time. In this paper, we only explore the perturbative effects of the Pioneer Effect on orbits. Since these effects, to first order, are linearly independent of other orbital perturbations (e.g., perturbations due to planets), the latter can be safely ignored. Other perturbations, for example the anisotropic thermal radiation giving rise to the Yarkovsky Effect for asteroids, Non-Gravitational Forces (NGF) due to outgassing for comets, General Relativity, and the Pioneer Effect will be addressed as appropriate.
The general approach used is to model the motion of bodies of interest subject to the perturbing forces of interest and to compare the heliocentric angular differences between the bodies in the different cases. The time evolution of these angular differences is considered along with the distances of the bodies and the precision with which their orbits are known to determine whether or not the effects of the perturbations can be detected and whether they can shed any illumination on the nature of the mass distribution in the outer solar system.
A standard implementation of the Runge-Kutta-Fehlberg integrator is used to determine the orbits of the objects of interest. The particular routine used was RKF45 and was obtained from the National Institute of Science and Technology GAMS web-site.
2 While recognizing that Runge-Kutta integrators are not generally known for their high precision results, they are adequate for the feasibility investigation conducted here since we are examining individual orbits rather than systematic long-term trends.
The outer solar system bodies investigated include planets (including Trans-Neptunian Objects), comets, and asteroids. Since the primary intent of this paper is to investigate the dynamical consequences of the Pioneer Effect, which apparently begin at large heliocentric distances, about 20 AU from the sun, for simplicity, and because there are no data showing a more gradual onset of the Pioneer Effect, we will assume the anomalous acceleration of the Pioneer Effect begins abruptly at 20 AU. As will be seen, our conclusions are sufficiently general that the nature of the onset of the Pioneer Effect has no affect on our qualitative conclusions.
Among the planets, only Uranus, Neptune, and Pluto are far enough from the Sun to feel the Pioneer Effect during any portion of their orbit. Trans-Neptunian Objects (TNOs) are not considered further as the issues associated with using them to probe the mass distribution in the outer solar system are similar to those associated with the planets. However, a different approach to TNOs might provide an alternative way to perform the tasks of interest here. This approach makes use of trends in residuals in orbits of TNOs and is currently being investigated by the authors (Dixon, Page, & Wallin, in preparation) . In any case, the great distances of the outer planets from the Sun and the nearly circular orbits of Uranus and Neptune makes it very difficult to use them to detect the Pioneer Effect. In Pluto's case, its orbital parameters are even more uncertain because of the short period of time that has elapsed since its discovery. Further analysis of the utility of TNOs in probing the gravitational field in the outer solar system is required.
There are surprisingly few comets whose orbits are both known sufficiently accurately to of interest and whose aphelion distance is greater than our assumed Pioneer Effect cut-off. Additionally, determining the precise location of comets so that their orbits can be determined accurately is made difficult by the extended nature of comets. It is difficult to unambiguously determine the center of light of the comet and even that is not necessarily indicative of the actual location of the nucleus.
Comets also suffer orbital perturbations due to Non-Gravitational Forces (NGF) resulting from outgassing and water ice sublimation. These NGF are parametrized in a standard way (Marsden, Sekanina, & Yeomans 1973) and departures from osculating orbital elements provide estimates of the values of acceleration experienced by the comet as a result of this outgassing. These forces have a substantial effect on the orbital parameters of comets, amounting to as much as several days difference in the predicted time of perihelion passage. Since there is a variation in NGF from orbit to orbit, presumably as the comet's "dirty snowball" nature changes with multiple passes by the Sun, we consider only comets with nearly three perihelion passages resulting from nearly two complete orbits and that pass more than 20 AU from the Sun. The Jet Propulsion Laboratory's Horizons ephemeris system (Giorgini, et al. 1996) contains 522 such comets, including those with orbital elements determined at multiple epochs. This list was winnowed in a straightforward way by choosing, in those cases where elements were determined for multiple epochs, the most recent epoch whose data arc included nearly two complete orbits about the sun. Comets with eccentricities greater than or equal to unity were also excluded. Table 1 shows selected orbital elements of the resulting short list of seven candidate comets satisfying these criteria.
Considerations similar to those expressed above govern the selection of asteroids. Although asteroids do not suffer NGF due to outgassing (assuming they are "dead" in an outgassing sense), they do experience the Yarkovsky effect, which is an acceleration resulting from anisotropic thermal radiation, and general relativistic perihelion precession. These Note. -a is semimajor axis in AU, e is eccentricity, T is period in years, Q is perihelion distance in AU, and A is aphelion distance in AU.
effects will be addressed later, but using a selection criterion that asteroids have an aphelion distance greater than 20 AU, Horizons (Giorgini, et al. 1996) provided a candidate list of 985 asteroids. This selection criterion provides candidate objects that pass far enough from the sun to be subject to the Pioneer Effect. In order that the asteroids approach closely enough to the sun to enable them to be observed and their orbital elements to be determined with sufficient precision, we also excluded asteroids whose perihelion distances were greater than 20 AU. Further, in order that a reasonably significant part of an orbit be observed in a realistically short period of time, asteroids whose period of revolution exceeded 200 years were also excluded. Finally, asteroids with eccentricities less than 0.6 were excluded.
The eccentricity criterion deserves further explanation. If we consider a constant radial perturbation applied to a Keplerian orbit, Lagrange's planetary equations (in the Gaussian form) provide for a nonzero time rate of change in eccentricity, semimajor axis, mean motion, and argument of perihelion (Danby 1988) . If these rates are normalized by common factors, the normalized rate of change in eccentricity, argument of perihelion, and mean motion are smaller than that of semimajor axis by a factor at least as large as the semimajor axis. The only exception to this is for very small values of eccentricity, where the argument of perihelion can change quite rapidly. This can be understood by realizing that the primary manifestation of the Pioneer Effect lies in causing the orbit to precess. Considering a nearly circular orbit, a very slight precession can lead to a large angular change in perihelion position. It is very difficult to accurately determine orbital elements of such an object; thus, we preferentially choose to consider more eccentric orbits. Objects with eccentricity greater than 0.6 are further chosen due to the much larger changes in orbital elements associated with those objects than those of more modest eccentricities. Table 2 shows selected orbital elements of the resulting list of 15 candidate asteroids with orbital geometry satisfying these criteria. In contradistinction to comets, whose optically extended natures can make it difficult to unambiguously determine the center of light, asteroids are point sources. Thus, for these bodies, we do not demand multiple orbits as it is intrinsically easier to determine their orbital parameters.
RESULTS

Planets
The Pioneer Effect should not be expected to have a dominating impact on the motion of the outer planets. The ratio of the Pioneer acceleration to that produced by the Sun at a distance equal to the semimajor axis of the planets is 0.005, 0.013, and 0.023 percent for Uranus, Neptune, and Pluto, respectively. The orbital periods of Uranus, Neptune, and Pluto with the Pioneer Effect are systematically shorter than those subject only to Newtonian gravity. Uranus' period shortens by 5.8 days and Neptune's by 24.1, while Pluto's period drops by 79.7 days. These intervals correspond to 0.02, 0.04, and 0.09 percent of the periods of Uranus, Neptune, and Pluto, respectively.
A distinguishing characteristic of the outer planets that is of interest here is the great uncertainty associated with their orbital elements and positions. While the orbital elements of the inner four planets are derived from highly accurate data including superb ranging data from numerous spacecraft, the ephemerides of the outer planets rely almost entirely on optical observations (Standish 2004) and are much less accurate than those for the inner planets. In fact, Neptune has not completed a revolution about the Sun since the introduction of the impersonal micrometer in 1911 (Standish 2004 ) and Pluto has not completed a revolution since its discovery. Modern astrometry can obtain angular positions with reasonable accuracy, but the mean motions of the outer planets and their radial distances are quite inaccurate.
A consequence of Kepler's Third Law is that the change in orbital period due to the Pioneer Effect is equivalent to a change in semimajor axis. For Uranus, the fractional period shortening is equivalent to a fractional change in semimajor axis of approximately 0.013 percent. Similarly, the orbital period shortening is equivalent to a reduction in semimajor axis of 0.027 and 0.059 percent for Neptune and Pluto, respectively. These simple calculations imply an equivalent change in aphelion distance of 3.8×10 10 , 1.2×10
11 , and 4.3×10 11 cm for Uranus, Neptune, and Pluto. In the first two cases, this is less than the accepted uncertainty in range of 2×10 6 km (Seidelmann 1992 ). In the case of Pluto, the change in semimajor axis that would correspond to the shortening of its orbital period with the Pioneer Effect is about twice the radial distance uncertainty. However, Pluto has completed less than one-third of an orbit since its discovery and its orbit is even less well-determined than the other outer planets. Thus, small changes in other orbital elements could easily obscure any orbital changes due to the Pioneer Effect.
Given these uncertainties, we must conclude that the outer planets do not represent good candidates for astrometrically determining the reality of the Pioneer Effect. Pluto might present such an opportunity, but its orbital elements require refinement. As observed earlier, a different approach to Pluto and, by extension, TNOs might provide an alternative way to perform the tasks of interest here. This approach makes use of trends in residuals in orbits of TNOs and is currently being investigated by the authors (Dixon, Page, & Wallin, in preparation).
Comets
Comets are problematic for our purposes. As early as 1823 secular accelerations of comets were observed (Encke 1823) , and various hypotheses were proposed to explain them. Beginning in 1968, Marsden and his collaborators began a series of papers addressing the issues associated with NGF and comets. Beginning by establishing that short period comets experience both secular accelerations and decelerations (Marsden 1968) , continuing with the development of an empirical model of the NGF (Marsden 1969) , and finally culminating in a physically justified model for NGF (Marsden, Sekanina, & Yeomans 1973 ) that is founded in the "dirty snowball" or icy-conglomerate cometary model (Whipple 1950) . The model even points to the nature of the ices in question: the standard NGF model best fits the effects of water ice sublimation from cometary nuclei. Investigations along these lines continue. Short period comets are relatively easy to observe and to establish NGF parameters, and even to study how the accelerations change from orbit to orbit (Yeomans 1994) . More recently, long-period comets were investigated using positional observations only and corroborated the good agreement of the Marsden model with observations (Królikowska 2004 ).
The standard model of NGF contains three parameters, generally denoted by A 1 , A 2 , and A 3 . These are components of the nongravitational acceleration in a radial direction, in a transverse direction in the orbital plane, and normal to the orbital plane, respectively. The magnitude of the nongravitational acceleration close to the Sun is surprisingly large. At a distance of 1 AU, and for a fiducial value of A 1 of 10 −9 AU day −2 , the nongravitational acceleration is approximately 2×10 −5 cm sec −2 , compared with the acceleration due to the Sun's gravity of 0.6 cm sec −2 . However, the standard model of NGF drops rapidly with increasing distance. By the time a comet is 20 AU from the Sun, the nongravitational acceleration decreases to approximately 3×10 −28 cm sec −2 , an unmeasurable quantity. This acceleration magnitude is compared with 1.5×10 −3 cm sec −2 from the Sun's gravity and 8.74×10
−8 cm sec −2 for the Pioneer Effect.
The normal component (A 3 ) is generally found to be less significant than the others and its value is often indeterminate. The NGF parameters are empirically determined and are comet-specific. The JPL Horizons ephemeris system (Giorgini, et al. 1996) provides the values for the radial and transverse accelerations for our candidate comets that are shown in Table 3 . Also shown in this table is the change in orbital period due to the NGF, typically of the order of days, with the perturbed orbital periods generally being more lengthy than the corresponding Keplerian period.
As is the case with planets, the orbital periods of comets subjected to the Pioneer Effect are systematically shorter than the corresponding Keplerian period. As also shown in Table  3 , the typical change in orbital period due to the Pioneer Effect is of the order of days; that Note. -a is semimajor axis in AU, e is eccentricity, T is period in years, Q is perihelion distance in AU, and A is aphelion distance in AU. Note. -Times are given in days, the radial nongravitational parameter (A 1 ) is given in units of 10 −9 AU day −2 , and the angular nongravitational parameter (A 2 ) is given in units of 10 −10 AU day −2 .
is, the same order of time as the NGF-induced period change. These changes are small and correspond to no more than a 0.05 percent change in orbital period in both cases.
Although the changes in orbital periods are of the same magnitude for both the Pioneer Effect and the NGF, they are of opposite magnitude. This, coupled with the physically wellfounded justification for the standard NGF model makes it desirable to investigate whether the potential existence of a Pioneer Effect has any implication for the NGF model. Generally, the magnitude of the transverse NGF parameter (A 2 ) is about one-tenth of the value of the radial parameter (A 1 ) (Marsden, Sekanina, & Yeomans 1973 ). If we constrain the value of A 2 to be of that value, and allow the radial acceleration to vary parametrically, we can obtain a new value of the NGF parameter that allows the orbital period to remain at its proper value even when the Pioneer Effect influences the orbits. The resulting values for the NGF parameters are also shown in Table 4 . There is no statistically significant difference between the distributions of NGF parameters with and without the Pioneer Effect.
Although NGF are generally not significant far from the sun, there remain a substantial number of outgassing episodes that have been observed at large distances. These have been detected in a number of comets, including Halley (West, Hainaut, & Smette 1991; Gronkowski, & Smela 1998 ), Chiron (Elliott, et al. 1995 Sekiguchi, Watanabe, & Boice 1998) , and Ikeya-Seki and Schwassmann-Wachmann 1 (Gronkowski, & Smela 1998) . The framework of the standard NGF model provides a convincing explanation for these episodes (Prialnik, & Bar-Nun 1992; Womack 2000) . However, calculations of momentum transfer in these distant outbursts suggest that the eruptions are far less significant dynamically at large distances from the sun than they are at smaller distances (Hainaut, et al. 1995) .
Since the magnitude of changes in cometary orbital periods associated with the Pioneer Effect and NGF are of the same magnitude, changes in NGF parameters can have an effect close to the sun that can mask changes in period due to the Pioneer Effect. Thus, we must conclude that comets do not represent ideal candidates for investigating the Pioneer Effect: Given the existence of NGF, departures from the ephemeris might not be a sufficient condition for the Pioneer Effect to exist. Nevertheless, while not ideal, comets might provide a useful vehicle for observational verification of the Pioneer Effect. In any event, the high eccentricities of comet orbits compared with those of planets make it clear that the Pioneer Effect will manifest itself much more clearly in the former case than in the latter.
Asteroids
By definition asteroids differ from comets in that they are "dead" and do not outgas, do not display comae, possess no nongravitational accelerations, and generally behave in a much more sedate and predictable way than comets. However, in regions where it is felt, the magnitude of the Pioneer Effect is significantly less than the acceleration due to the sun's gravity. At a distance of 20 AU, the gravitational acceleration due to the sun is approximately 1.5×10 −3 cm sec −2 , compared with the Pioneer Effect acceleration of 8.74×10 −8 cm sec −2 . Thus, because of its small magnitude, a number of external factors might contribute to or explain the Pioneer Effect.
One such phenomenon is the Yarkovsky Effect, which is a anisotropic reaction force associated with infrared reradiation of absorbed Solar radiation. In the typical treatment, the Yarkovksy Effect is much more important for small bodies that are regolith-free than for larger objects, or those possessing a thermally insulating layer of regolith.
The Yarkovsky Effect is generally considered to be of two forms, the "diurnal" effect occurs when the rotation of the body about its axis causes reradiation to occur at a different "time of day" than when the solar radiation was absorbed. The "seasonal" Yarkovsky Effect occurs, for example, when the rotation period of the object about its axis is much shorter than the orbital period. When this occurs, the "diurnal" thrust averages to zero, while the reradiation occurs at different times in the body's orbit about the sun (Spitale, & Greenberg 2001) . The diurnal effect can either expand or contract orbits; the seasonal effect always shrinks orbits (Rubincam 1995) .
Detailed expositions on the magnitude of the Yarkovsky Effect are available in the literature (e.g., Rubincam (1995) ). However, an upper bound on the acceleration resulting from the Yarkovsky effect might be derived in a simple way. Suppose we imagine the solar energy flux at a distance r is absorbed in proportion to the asteroid's presented area (assumed circular) and the complement of the asteroid's albedo. Thus, the amount of energy absorbed by the asteroid per unit time is (1 − α)·4πR 2 a L ⊙ /4πR 2 ⊙ , where α is the asteroid's albedo, R a is the asteroid's radius, L ⊙ is the sun's luminosity, and R ⊙ is the asteroid's distance from the sun. This energy deposition results in a momentum transfer to the asteroid equal to this quantity divided by c. If we imagine that the absorbed energy is reradiated in a collimated beam, the rate of momentum transfer is equal to an upper limit on the reaction force exerted on the asteroid. Stated in terms of the asteroid's mass the resulting acceleration is
or, put in terms of the asteroid's average volume density ρ, we have
Assuming an albedo of 0.1 and a volume density of 1 g cm −3 , the upper limit for the Yarkovsky acceleration is approximately a ≈ 3 × 10
where a is expressed in cm sec −2 , R ⊙ is expressed in AU, and R a is expressed in km. Thus, at a distance of 20 AU, the Yarkovsky Effect results in an acceleration less than that of the Pioneer Effect for any body greater than about a centimeter in size, far smaller than any observable asteroid and totally negligible in comparison to the Pioneer Effect.
Another external source that might explain or at least contribute to the Pioneer Effect is the general relativistic orbit precession. According the Parametrized Post-Newtonian (PPN) approximation in general relativity, to order GM/c 2 r beyond Newtonian theory for a nearly elliptical geodesic orbit of a test body in the sun's gravitational field, the perihelion precession is given by
where δφ is the perihelion advance per orbit, G is the universal gravitational constant, M ⊙ is the mass of the Sun, c is the velocity of light, and a and e are the semimajor axis and eccentricity of the orbit, respectively (Misner, Thorne, & Wheeler 1973) .
The greatest value of the orbital period change due to the general relativistic precession for all our asteroid candidates is on the order of one second. Similarly, the minimum of the orbital period change due to the Pioneer Effect is on the order of five hours. Thus, as is normally expected from a general relativistic effect, the magnitude of the PPN perihelion precession is negligible in comparison with that due to the Pioneer Effect. However, the change in period due to the Pioneer Effect can be substantial, depending upon the length of time the object spends beyond 20 AU in the region where the Pioneer Effect is felt.
A recent preprint has discussed other external factors that could be related to the Pioneer Effect (Turyshev, Nieto, & Anderson 2005) . In the guise of a problem set, this paper discusses a number of effects that could alternatively mask or explain the Pioneer Effect, including solar radiation momentum transfer, solar wind momentum transfer, electron density in solar corona, Lorentz forces on a charged spacecraft, and clock instability and/or long term frequency stability. None of these effects are found to be of sufficient magnitude to explain the Pioneer Effect.
Of the bodies discussed here, asteroids provide the cleanest and least ambiguous vehicle for exploring the gravitational field in the outer solar system. Their inert dynamical nature, coupled with their passage relatively close to the Earth allows their motion to be well characterized and predicted with assurance, thus allowing deviations from predicted motion to be measured readily.
DISCUSSION
Planets
As outlined previously, the outermost planets possess little utility in determining the gravitational field in the outer solar system or in determining the reality of the Pioneer Effect. A different approach than that taken here might have potential for using TNOs in that role. This approach makes use of trends in the residuals of orbits of TNOs and is under investigation by the authors (Dixon, Page, & Wallin, in preparation).
Comets
We have previously discussed the orbits of comets under the influence of the Pioneer Effect and found that the magnitude of the effect is similar to that of the customary NGF used to calculate ephemerides. This approach is similar to a "kinematic" approach, wherein we explore features of the motion without regard for its specifics. However, a "dynamic" assessment, incorporating the current location of comets in their orbits is now of interest in order to determine whether the Pioneer Effect is observationally detectable.
Of our seven comet candidates, nearly all are currently beyond 20 AU and thus subject to the Pioneer Effect as defined in this paper. The single exception is just inside 20 AU, moving towards the sun, and has recently left the Pioneer Effect behind. These bodies have all been subjected to the Pioneer Effect for some time and their current positions are already perturbed relative to their ephemerides without the Pioneer Effect. The perturbations range from −7.2 to +1.4 seconds of arc ("Observed minus Calculated"), with negative numbers indicating the Pioneer-perturbed orbit is ahead of the unperturbed motion in terms of true anomaly. The initial discrepancy is shown in Table 4 for each comet, along with other data on the current positions for the candidates. Astrometry should be able to detect angular deviations of 0.3-0.5 seconds of arc, so if the Pioneer Effect exists the initial (O − C) values shown in Table 4 should be observable. n/a n/a -0.1 a Both the "perturbed" and the "unperturbed" cases are influenced by NGF. However, care must be taken to remember that the "unperturbed" case is influenced by nominal NGF parameters, while the NGF felt in the Pioneer case have different values. This is necessary to constrain the comet's orbital period to match observation in both situations. The result is that when the comets pass the 20 AU distance, they have different heliocentric true anomalies and different radial and angular velocities. Thus, they do not coincide in space when they cross the 20 AU boundary. The numbers reflected above are derived by subtracting out the initial perturbation in each case, thus providing a coincident heliocentric true anomaly at 20 AU, outbound.
Note. -R is current heliocentric distance in AU, dR/dt is current radial velocity in km/sec, m V current visual nuclear magnitude, r is the object's radius in km, and (O − C) is the "Observed minus Calculated" heliocentric angular deviation in arc seconds between the unperturbed and Pioneer-perturbed orbits (see note above and text).
The nature of the initial differential bears some discussion. The cases under discussion are when the comet is perturbed by a "classical" NGF and when its motion is compared to a case perturbed by both a modified NGF and the Pioneer Effect. Modification of the NGF parameters is necessary in the latter case because the orbital period of the comet is known and must remain unchanged. Thus, since the nominal NGF parameters are developed, at least in part, by requiring that the orbital period match its observed value, introduction of the Pioneer Effect, which also changes the orbital period, requires a corresponding change in NGF parameters in order to leave the orbital period unaltered. For the sake of brevity, in this section only, we will refer to the nominal NGF case as "unperturbed" and the modified NGF plus Pioneer Effect case as "perturbed."
Another interesting aspect of this initial discrepancy is that recent observations of 1P/Halley show it to be approximately 1.4 seconds of arc behind its ephemeris position (Hainaut, et al. 2004) , while these simplified calculations show it to be about 1.2 seconds of arc behind at the time of the observations, a remarkably similar quantity. Although differences on the order of a second of arc can be explained in terms of errors in the astrometry, the idea that perturbations due to the Pioneer Effect contribute is worthy of additional investigation.
If the current position of the candidate comets is corrected for this initial discrepancy, and the unperturbed and Pioneer-perturbed comets are made to coincide at the current epoch, we can investigate the rate at which the angular deviation grows from the present. Thus, Figure 1 shows the heliocentric angular deviation of each comet from a starting point of 2005 April 1. The deviation shown is that for "Observed minus Calculated" with the "calculated" orbit being that perturbed by the Pioneer Effect. Recall that the standard NGF parameters shown in Table 3 are generally positive, implying an outward-directed NGF. Thus, the NGF generally acts to lengthen the orbital period of comets by pushing them out to greater aphelion distances. As time progresses, the perturbed orbit falls more and more behind one not influenced by NGF. However, by the time the Pioneer Effect comes into play, the NGF are essentially nonexistent. Once they are felt, the acceleration due to the Pioneer Effect serves to lessen the aphelion distance and increases the angular velocity of the comet. Thus, Figure 1 shows angular deviations that grow in the negative direction, leading us to expect the Pioneer-perturbed comets to get progressively more and more ahead of the unperturbed positions as time progresses. As observed above, astrometric measurements should be reasonably expected to detect angular deviations in the 0.3-0.5 arc second range. Thus, Figure 1 would seem to indicate that comets would provide fertile ground for determining whether the Pioneer Effect really exists, with angular deviations reaching that level as soon as two to three years from now. However, Table 4 also shows the current nuclear magnitude of the comets; the brightest currently have a magnitude of something over 28, while the faintest is dimmer than magnitude 33. It is extremely difficult to detect objects this faint. Recent observations of 1P/Halley have detected the comet at a distance of over 28 AU and at a visual magnitude of more than 28 (Hainaut, et al. 2004 ). These observations are part of an ongoing campaign to monitor 1P/Halley after perihelion, in an effort to define the orbit and allow early pre-perihelion recovery (West, & Jørgensen 1989; West 1990; West, Hainaut, & Smette 1991; Hainaut, et al. 1995) . The observations represent the greatest distance and the greatest magnitude of any cometary observation. The three 8.2m Very Large Telescopes at The European Southern Observatory's Paranal site were used simultaneously for a total exposure of 32 284 seconds in order to achieve this remarkable feat.
The current magnitudes of the candidate comets, coupled with the difficulties associated with NGF, outlined previously, force us to conclude that comets do not currently provide a good opportunity for investigating the Pioneer Effect. However, continuing cometary observations such as the long term program at the ESO, might provide insight over time, especially as target comets approach aphelion.
Nevertheless, referring back to Table 3 provides motivation for an interesting observation about the Swift-Tuttle comet. One of the difficulties associated with determining NGF for long period comets is simply that they have not been observed for a significant number of revolutions. There are some exceptions. For example, using ancient Chinese records, apparitions of 1P/Halley have been convincingly connected from its 1986 appearance back 28 revolutions, over more than 2000 years (Kaing 1972) . The important finding here is that the comet returned consistently about four days late over this entire span. Additionally, it had no significant change in magnitude over that interval. This orbital period change is remarkably close to the magnitude of the change due to the Pioneer Effect or to NGF. If we suppose that the relatively constant magnitude is indicative of a relatively constant amount of outgassing, we may further imagine that there has been relatively little change in the NGF as well. 1P/Halley thus demonstrates that the motion of comets can remain uniform over long intervals.
Swift-Tuttle's motion is known over long periods also. Although its orbit has been traced back for more than 2000 years (Yau, Yeomans, & Weissman 1994) , its motion is consistent with no NGF, and there is no evidence of any change in its absolute magnitude over this interval. This comet has a relatively long period and goes further into the Pioneer Effect region than any other of our comet candidates, thus the effect of the Pioneer Effect on its orbital period is the largest of our candidates: Swift-Tuttle's period is lessened by almost 25 days in the absence of other perturbations. It is certainly a provocative speculation that Swift-Tuttle's outgassing causes NGF that fortuitously change the orbital period in the right way to make NGF seem to be nonexistent. Thus, if the Pioneer Effect is present, the altered NGF required to increase the orbital period to its recognized value are completely reasonable and in no way unusual. Recognizing the difficulties with a bright comet not having any NGF has resulted in speculations that Swift-Tuttle is much more massive than comet Halley (Yeomans 1994) . While possible, the interesting idea that the Pioneer Effect could imply that Swift-Tuttle is a less unusual body is worthy of further investigation.
Asteroids
In a similar fashion to comets, asteroid candidates must now be addressed "dynamically." Of the 15 asteroid candidates, only two are currently outside the 20 AU boundary, with one moving outward toward aphelion and the other moving inward. Seven are currently beyond 10 AU and are moving outward, while one is that far away and is moving inward. The remaining five closer asteroids are all currently moving outward.
If the Pioneer Effect is real, the asteroids that are currently beyond 20 AU have already had their positions perturbed relative to their ephemerides without the Pioneer Effect. Of the candidate asteroids there are only two that fit this category. (5335) is currently at 20.8 AU and is barely into the Pioneer Effect region. 1995SN55 is currently at 38.4 AU and is past aphelion on its way back to the inner solar system. The former has not developed a measurable angular deviation in the short time it has been further than 20 AU from the sun; the latter has been in that region for over 54 years and has deviated from an orbit unperturbed by the Pioneer Effect by about 30.5 seconds of arc. This level of angular deviation should certainly be observable. Table 5 provides data on the current positions of the candidate asteroids.
If the current positions of 1995SN55 is corrected for this initial discrepancy, and the unperturbed and Pioneer-perturbed orbit is made to coincide at the current epoch, we can plot the rate at which the angular deviation grows from the present. Thus, Figure 2 shows the heliocentric angular deviation of each asteroid from a starting point of 2005 April 1. The deviation shown is the "Observed minus Calculated" deviation with the "calculated" orbit being that perturbed by the Pioneer Effect. It might be recalled that the angular deviation of comets got progressively more negative, indicating that comets subjected to both the Pioneer Effect and modified NGF were getting increasingly ahead of their positions when subjected to only "classical" NGF. Given this, why are the asteroid curves shown in Figure  2 moving in the opposite direction? The answer is found in the fact that the comet's NGF perturbations generally act to lengthen the orbital period by pushing the aphelion out to greater distances. The Pioneer Effect then has to overcome the NGF perturbations before it can shorten the orbital period further. Thus, in the case of comets, the strictly NGFperturbed orbit starts from a well-advanced position along the orbit and the Pioneer Effect acts to make the period shorter and shorter, leading to a decrease in the (O − C) angular deviation. The asteroid positions, on the other hand, do not experience NGF perturbations. Thus, the unperturbed orbits are Keplerian and the effect of the Pioneer perturbation is to lessen the orbital period. This leads to true anomaly of the perturbed orbit to increase relative to the unperturbed Keplerian orbital path, shortening the orbital period and leading to an increase in the (O − C) deviation.
As observed earlier, astrometric measurements should be expected to detect angular deviations in the 0.3-0.5 arc second range. Thus, Figure 2 would seem to indicate that several asteroids are good candidates for observations to measure the Pioneer Effect. However, to consider observational constraints on the candidate asteroids, we must consider two additional constraints in addition to orbital geometry:
• First, that the current ephemeris uncertainty is low enough that observation without extended search is likely;
• Second, that the asteroid is large enough or bright enough to allow a reasonable expectation of observation over the majority of its orbit.
A figure of merit for the current ephemeris uncertainty has been developed and is provided by the Minor Planet Center (MPC) in the orbital elements as the U parameter. The MPC defines the U parameter "in order to quantify the uncertainty in a perturbed orbital solution for a minor planet in a concise fashion." U is an integer ranging from zero to nine, where zero indicates a very small uncertainty and nine an extremely large uncertainty in the orbit 3 . U corresponds to the uncertainty per decade along the Line Of Variance (LOV) of the object's orbit and formal values can be placed on U:
• U = 0 corresponds to an uncertainty along the LOV < 1 second of arc per decade;
• U = 5 corresponds to an uncertainty along the LOV < 1 692 seconds of arc per decade;
• U = 8 corresponds to an uncertainty along the LOV < 146 502 seconds of arc per decade.
The second consideration is that the asteroid is large enough and bright enough to allow the expectation of observation over the majority of its orbit. For solar system bodies, an absolute magnitude, H, is defined in a manner analogous to that defined for stars (Bowell, et al. 1989) . Specifically the visual magnitude is related to relevant distance and several tabulated parameters as follows:
where m V is the visual magnitude of the asteroid, H is its mean absolute visual magnitude, G is the brightness parameter (mean value 0.15) for the asteroid, B is the illumination phase angle (B < 2.85
• for objects at 20 AU or greater), r and ∆ are the asteroid orbital distances from the sun and from the Earth, respectively, Φ 1 = exp(−3.33 · [tan B/2] 0.63 ), and Φ 2 = exp(−1.87 · [tan B/2] 1.22 ). For objects at r > 20 AU, the product r∆ can be approximated by r 2 and 0.0 < −2.5 log([1 − G]Φ 1 + GΦ 2 ) < 0.3.
An examination of the last observation history files at the MPC for Trans-Neptunian and Kuiper Belt Objects shows that of the sites currently submitting astrometric measurements, a visual magnitude limit between 26 and 27 appears to be the current capability for groundbased observation. Figure 3 shows the maximum observable distance as a function of absolute magnitude for several limiting magnitudes in this range. Also shown in this figure are the points corresponding to the candidate asteroids. From the data in Table 5 and Figure 3 it is not difficult to conclude that of the fifteen known asteroids with suitable orbit geometry, only three have a size and brightness sufficient to allow observation over either a majority of their orbit or a significant period of observation of their orbit beyond 20 AU. These objects are (5335), (8405), and 2001XA255.
Thus, these asteroids should provide a mechanism for observing the gravitational field in the outer solar system and permit its use in investigating the Pioneer Effect and in a broader context, the mass distribution in the outer solar system. Additionally, many of the other candidate asteroids could be observed in the near future, when they are not in the Pioneer Effect region, in order that their orbits be tied down with observations when they are close (perhaps including high precision radar observations). This could be done in anticipation of continuing observations when they move further out and become subject to the Pioneer Effect. 
CONCLUSIONS
If a method of measuring the Pioneer Effect was available it might serve, once and for all, to either support or refute its existence as a real phenomenon. If the effect was substantiated, it could be used to measure the gravitational field in the outer solar system. Depending upon the characteristics of the measurements, it might even be possible to break the degeneracy in the alternative predictions of different possible explanations for the effect.
The present paper shows that asteroids and, to a lesser extent comets, provide a potential observational vehicle for investigating the Pioneer Effect. These bodies are useful for this purpose because they have a large mass and are large and bright enough to observe for satisfactorily long intervals. Thus, even if the Pioneer Effect does not represent new physics, these solar system bodies can be used to probe the gravitational field in the outer solar system. This is a worthwhile endeavor in its own right, and observations of (5338), (8405), and 2001XA255 would be particularly helpful for this purpose. Additionally, observations of these bodies would potentially result in the discovery of new objects at large distances and aid in attaining greater understanding of the inner Kuiper Belt.
Despite the limitations of the use of minor planets in this role, it remains true that there are very few intermediate range tests of gravity at the multiple AU distance scale. Comets experience reaction forces due to outgassing, and the outer planets move very slowly and cover only some of the region of interest. Spacecraft like Pioneer are tiny things that outgas, get pushed about by solar winds, and suffer reaction forces due to their radio transmissions and power sources. Newer spacecraft improve their guidance capabilities by indulging in mid-course corrections, leading to more motion variation and greater difficulty in discerning the small Pioneer Effect perturbations. There is nothing quite as useful as a big, unwieldy, dynamically dead chunk of rock for investigating small variations in Newton's Laws.
